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We find that hardness of nanoporous gold (np-Au) measured by nanoindentation tends to increase with
decreasing indentation depth, similar to the indentation size effect (ISE) in solid materials. While ISE in
solid materials is attributed to a local increase in density of geometrically necessary dislocations (GNDs),
the origin of ISE in np-Au has not been studied systematically. We prepare four np-Au samples with
ligament sizes of 26, 73, 126, and 630 nm by free corrosion dealloying and post heat treatments. For the
normalized hardness (hardness/macroscopic hardness) vs normalized indentation depth (indentation
depth/three times ligament size), we find that the ISE trends for three np-Au samples of ligament sizes
26, 73, and 127 nm are almost identical, while an enhanced ISE is shown for np-Au with greatest liga-
ment size, 630 nm. We investigate ISE in np-Au based on nanomechanics model for nanoindentation on
np-Au with a sharp indenter, uniaxial compression and pure shear testing for np-Au.

© 2017 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Nanoporous gold (np-Au) has received significant attention for
such possible applications as sensors, actuators, and catalysis due to
its high specific surface area and chemical stability [1e14]. Studies
on the mechanical properties of np-Au have been numerous
because its fragility is critical in applications [15,16]. Previous
research revealed that the strength of np-Au depends strongly on
ligament size as well as relative density. Li and Sieradzki [17] sug-
gested a ductile-brittle transition in three-point bending based on
change in slope of the relation between fracture strain/stress and
ligament size. Biener et al. [18] found that nanoindentation hard-
ness depends on ligament size; hardness increases with decreasing
ligament size. Using the Gibson-Ashby model on foam plasticity,
they suggested that the ligament yield strength approaches the
theoretical strength of Au that the yield strength of np-Au,
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evaluated from nanoindentation hardness, can be as strong as solid
Au in spite of its porous structure. Volkert et al. [19] showed that
the compressive strength of np-Au micro-pillars depends on liga-
ment size rather than micro-pillar diameter, and that the strength
of individual ligaments attains the theoretical strength of Au. They
confirmed a distinction between elastic and plastic behavior of
solid materials depending on sample size (diameter of single-
crystalline nanopillars and ligament size in np-Au). They
explained the trend in mechanical behavior of Au samples with
external size ranging from 10 to 105 nm by the Gibson-Ashbymodel
[20] estimated for np-Au, nanobox Au, and single-crystalline Au
nanopillars. Yield strength is strongly dependent on external
sample size below 50 mm, while elastic modulus is independent of
sample size. Hodge et al. [21] showed that the mechanical behavior
of np-Au is strongly dependent on ligament size, in contrast with
previous studies finding that cell size, including ligaments and
pores, had a minimal effect on mechanical properties in macro-
cellular materials of similar relative density. They suggested a
modified scaling equation for the yield strength of np-Au as a
function of ligament size and relative density by incorporating a
Hall-Petch-type relation coefficient. They noted that np-Au follows
the Gibson-Ashby model as ligament size approaches 1 mm from
sub-micron size. From numerous experimental results, Briot and
Balk [22] suggested a universal scaling law for yield strength of np-
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Au inwhich ligament size effect is significant only for ligament size
smaller than 1 mm. Saane et al. [23] studied mechanical properties
of np-Au using atomistic and continuum simulations; they found
that elastic modulus depends strongly on relative density and
crystallographic orientation, and yield strength depends on relative
density. They found that the exponent in a scaling law determined
from simulation results is higher than that using the Gibson-Ashby
model, and explained this result by the loss of connectivity in np-
Au.

The trend of nanoindentation hardness vs indentation depth for
np-Au in previous studies is that hardness tends to increase with
decreasing indentation depth, which is similar to indentation size
effect (ISE) in solid materials. The ISE in solids is explained by
saying that the density of geometrically necessary dislocations
(GNDs) increases as indentation depth decrease, while density of
statistically stored dislocations (SSDs) is independent of indenta-
tion depth [24e30]. The ISE in np-Au cannot, of course, be
explained by this classical ISE mechanism. GNDs generated in lig-
aments of np-Au could easily escape at the free surface due to the
typically sub-micron scale of ligament, and ligaments could
collapse easily into the extensive neighboring free volume (pores),
rather than undergoing plastic constraint as in solid materials. ISE
in np-Au has not been studied systemically but could be critical,
especially when indentation depth is limited to within the shallow
indentation depth where ISE is pronounced.

Here we investigate ligament-size-dependent ISE in np-Au. To
separate ISE elements coming from porous structure and ligament-
size dependency, we used np-Au samples of four ligament sizes, 26,
73, 127, and 630 nm, to obtain the relation between normalized
hardness e the ratio of hardness to macroscopic hardness (i.e.,
hardness at sufficient indentation depth e and normalized inden-
tation depth (i.e., the ratio of indentation depth to length scale of
one unit cell composed of one ligament and one pore assumed to be
three times ligament size)). We find a clear transition in ISE in
normalized hardness vs normalized indentation depth for our four
np-Au samples: the trends in the ISE for the three np-Au samples of
small ligament size (26, 73,127 nm) are almost identical, but the ISE
for np-Au with greatest ligament size (630 nm) is enhanced over
the other three. To explain this result, we suggest a novel ISE model
for np-Au in which during nanoindentation, initial plastic collapse
of np-Au occurs at the contact boundary between nanoindenter
and np-Au primarily by shear force, and the collapsed np-Au placed
beneath nanoindenter expands primarily by compressive force.
Using uniaxial compression and pure shear tests, we discuss the
origin of ligament-size-dependent ISE in np-Au.

2. Experiments

Four np-Au samples of ligament sizes 26 (±4.0), 73 (±8.8), 127
(±12.8), 630 (±61.4) nmwere prepared as shown in Fig.1(a)�(d). To
prepare the precursor alloy of Au 30 at.% and Ag 70 at.%, Au (99.99%)
and Ag (99.99%) pellets were melted together by plasma arc-
melting in an Ar environment, held at 800 �C for 72 h in a tube
furnace under N2 environment for homogenization, and slowly
cooled to room temperature in the furnace. The spherical samples
were compressed into round disks using universal mechanical
tester (Instron 5982). Both sides of the alloys were gently me-
chanically polished down to 0.25 mm diamond suspension. The
precursor alloys were round discs of diameter ~8mm and thickness
~1 mm. The samples were annealed in a tube furnace under N2

environment at 800 �C for 24 h to homogenize them further and to
release any residual stress induced during mechanical compression
and polishing.

The np-Au samples were prepared from the precursor Au30Ag70
alloys by free-corrosion dealloying. To control ligament size,
dealloying was carried out in nitric acid solutions under different
conditions: in mixture of 2:1 70% concentrated nitric acid to DI
water at 20 �C for 72 h, resulting in ligament size (l) 26 nm (hereafter
called sample #1 (l¼ 26 nm)), inmixture of 1:1 of 70% concentrated
nitric acid to DI water at 50 �C for 72 h, resulting in ligament size
73 nm (hereafter called sample #2 (l ¼ 73 nm)), and in mixture of
1:1 of 70% concentrated nitric acid to DI water at 80 �C for 72 h,
resulting in ligament size 127 nm (hereafter called sample #3
(l ¼ 127 nm)). These dealloying conditions were based on the au-
thors' previous work [31]. Through additional heat treatment of
sample #3 (l¼ 127 nm) at 600 �C for 2 h, np-Au samples of ligament
size 630 nm were obtained (hereafter called sample #4
(l ¼ 630 nm)). The np-Au samples were examined in field emission
scanning electron microscopy (FE-SEM, FEI Nanonova 230). Liga-
ment sizes were evaluated by thickness of necks at the ligament
center, their thinnest part, from at least 100 measurements in SEM
images. Since homogeneity in ligament size distribution could affect
ISE in np-Au, we measured ligament sizes for cross sections pre-
pared by focused ion beam (FIB, Quanta 3D FEG)milling as shown in
Fig. 1(e)~(h). Fig. 1(i) shows that ligament size normalized by
average ligament size measured for top SEM images is almost one
throughout the nanoindentation loading direction from the free
surface, which indicates that the size of ligaments corresponding to
volume from free surface tomaximum indentation depth is uniform
for samples #1~#4.

Nanoindentations using three-sided Berkovich indenter were
performed on samples #1 through #4. For each sample, at least 12
reproducible nanoindentation force-depth curves were obtained.
Maximum indentation depths for each sample were determined as
40 times of their ligament size, where cell size D is composed of one
ligament and one neighboring pore, assumed here to be three times
ligament size, 3l as shown in Fig. 6(f); that is, intended maximum
indentation depth ¼ 13.3D ¼ 40l. Indented volume by this
maximum indentation depth approximately contains 27000 cells,
and we confirmed that convergent trend in hardness with
increasing indentation depth is well-described up to this maximum
indentation depth. Continuous stiffness measurement (CSM)
nanoindentations were carried out by XP and DCM II modules with
maximum load capacity 500 and 30 mN in a G200 nanoindenter
(Keysight Co.), respectively. All nanoindentation tests were con-
ducted at constant indentation strain rate 0.05 s�1, with allowable
thermal drift limit of 0.05 nm/s. Relative densities of the samples
were evaluated frommeasurements of external volume and sample
weight. Np-Au cuboids of dimensions 0.8 mm � 0.8 mm � 1.2 mm
for testing in both uniaxial compression and pure shear were pre-
pared. Compression and shear tests were performed at constant
displacement rate of 0.05 s�1 using a micro universal testing ma-
chine (Instron 5948). For each sample, at least 4 reproducible force-
displacement curves were obtained for compression and shear
tests.

3. Results and discussion

3.1. ISE in np-Au

Fig. 2 shows typical indentation force-depth curves and hard-
ness as a function of indentation depth for four np-Au samples.
Fig. 2(a)e(d) show that greater force is required to attain same
indentation depth as ligament size decreases, which is in line with
the higher hardness found for smaller ligament size in previous
researches [21]. Fig. 2(e)e(h) show an increase in hardness with
decreasing indentation depth for all np-Au samples, i.e. an ISE in
np-Au. A convergent hardness value as indentation depth increases
is measured by averaging hardness values between indentation
depths 30l and 40l, the maximum indentation depth. This



Fig. 1. SEM images (a)~(d) at top view and (e)~(h) cross-sections prepared by FIB milling. Colored regions 1 through 5 indicate a fifth of the maximum indentation depth from top
surface. (a), (e) sample #1 (l ¼ 26 nm), (b), (f) sample #2 (l ¼ 73 nm), (c), (g) sample #3 (l ¼ 126 nm), and (d), (h) sample #4 (l ¼ 630 nm). (i) Ligament size normalized by average
ligament size measured for top surface as a function of depth from free surface. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 2. (a)~(d) Typical nanoindentation force-depth curves and (e)~(h) typical relation of hardness and indentation depth for samples #1~#4.
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convergent hardness at sufficient indentation depth is henceforth
called the macroscopic hardness H0; this value is 106.1 (±4.52) MPa
for sample #1 (l ¼ 26 nm), 55.8 (±1.62) MPa for sample #2
(l ¼ 73 nm), 26.5 (±1.34) MPa for sample #3 (l ¼ 127 nm), and 3.0
(±0.11) MPa for sample #4 (l ¼ 630 nm).

For comparison for ligament-size-dependent hardness with
previous results and the Gibson-Ashby model, the compressive
yield strength scomp of np-Au as a function of ligament size is pre-
sented in Fig. 3. Our experimental results are evaluated by
scomp ¼H0 for four np-Au samples. It is important to note that recent
results showplastic constrain factorJ for np-Au ranges from2.65 to
3 similar to solid metals [19,22,32,33] rather than J of 1 which is
widely-used value for cellular materials with very low relative
density [20,21]. We assume J of 1 in this section to show trend for
ligament-size-dependent hardness, however, in following sections,
J is not assumed to be 1 for modeling and analyzing experimental
data. The green line is a scaling equation from Hodge et al.'s work
[21]whereJ of 1 is used, blue line is that fromBriot et al.'swork [22]
whereJ of 2.65 (themeasured value) is used. The red line indicates
compressive strength of np-Au evaluated by the Gibson-Ashby
model when ligament has strength of bulk annealed gold and np-
Au has relative density r of 35%, which is the average relative den-
sity of samples #1~#4. The strength of bulk annealed gold was
evaluated from a Vickers hardness value of 188 MPa [34] for bulk
annealed gold by usingJ¼ 3, the conventional assumption for solid
metals; i.e., the red line was evaluated by scomp ¼ 0:3 H

3r
3 =

2. The
compressive yield strength in Fig. 3, which is equal to macroscopic
hardness for experimental results, shows strong ligament-size de-
pendency for samples #1 (l ¼ 26 nm) through #3 (l ¼ 127 nm),
consistent with previous work, and that for sample #4 (l¼ 630 nm)
is close to the red line, implying that the strength of the ligament in
sample #4 (l ¼ 630 nm) is in the range of the strength of bulk
annealed gold. We measured thickness of necks at the center of
connections in ligaments that is possibly thinnest part in ligaments
as ‘ligament size’. Our ligament size could be expressed smaller
comparing with previous works [21,22], which can explain that our
experiments converge to bulk value earlierwith increasing ligament
size.

Fig. 4 shows typical relations between normalized hardness
(ratio of hardness H to macroscopic hardness H0) and normalized



Fig. 3. Compressive yield strengths depending on ligament size in our experiments
and previous reports. Some compressive yield strengths are converted from nano-
indentation hardness. Red solid line indicates the Gibson-Ashby model
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indentation depth (ratio of indentation depth h to cell size D (¼ 3l)).
This shows that trends of ISE for np-Au samples #1 (l ¼ 26 nm), #2
(l ¼ 73 nm) and #3 (l ¼ 126 nm) are almost identical, while the ISE
for sample #4 (l ¼ 630 nm) is enhanced above the other three.
These results mean that (1) an ISE, increase in hardness with
decreasing indentation depth, is seen for four np-Au samples since
it should be constant at 1 for the entire indentation depth in the
case of no ISE, and (2) there is a ligament-size-dependent transition
Fig. 4. Typical relations of normalized hardness and normalized indentation depth for
samples #1~#4.
in ISE in np-Au because if there were not the ISE curves should
overlap for all np-Au samples.

3.2. Nanomechanics modeling for nanoindentation on np-Au

To investigate the ligament-size-dependent ISE in np-Au, we
develop a nanomechanics model for nanoindentation of np-Au
with a sharp indenter such as Berkovich indenter. The sharp
indenter is assumed to be composed of infinite thin disk-shape flat
punches (Fig. 5). As loading in nanoindentation progresses as far as
indentation depth dh, the perimeter area of 2pðr þ drÞdh newly
penetrates into np-Au mainly by shear force which induces initial
plastic collapse of np-Au, and material volume in contact with the
flat bottom penetrates by dh in the loading direction, and the bot-
tom area is pr2 that is the summation of segment pðr þ drÞ2 � pr2

from 0 to r with respect to r:

Xr
n¼0

h
pðnþ drÞ2 � pn2

i
¼

Xr
n¼0

½p,2ndr� ¼ p

Zr

0

2rdr ¼ pr2: (1)

We simply assume that the unit length scale for plastic collapse of
np-Au along the loading direction is one cell size D, which is the
sum of one ligament and one pore, briefly assumed to be three
times the ligament size 3l. The relation between D and s, i.e. the
spacing of individual steps by the nanoindent, is described as

tan q ¼ h
r
¼ dh

dr
¼ D

s
; s ¼ Dr

h
; (2)

where q is a contact angle between plane surface of sample and
surface of indenter tip (19.7� for a Berkovich indenter) and r and h
are contact radius and indentation depth, respectively, as shown in
Fig. 5. The change inwork introduced by nanoindentation, dW [28],
when indentation depth increases by dh is given by

dW ¼ �
wcomp þwshear

� dr
s
: (3)

Here wcomp and wshear are the work introduced by shear and
compressive forces, respectively, described by

wcomp ¼ s,pr2,D; (4a)

wshear ¼ t,2pr,D,kD; (4b)

where s and t are the compressive and shear strength of np-Au,
respectively, and k is a proportional constant that means the
number of cells along the loading direction deformed by shear force
at the perimeter 2pr$D when indentation depth increases as much
Fig. 5. Schematic on nanomechanics model for nanoindentation on np-Au.
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as D [35,36]. s and t in Eqs. (4a) and (4b) are compressive and shear
strength of bulk np-Au taking into consideration the inherent
heterogeneity of np-Au, not for simplified nanoporous structure in
simple stress modes [36]. The indentation force P can be described
as

P ¼ dW
dh

¼ s,pr2 þ t,2pr,kD: (5)

Relation between hardness H and compressive strength s can be
described with plastic constraint factor J as H ¼ Js. By this rela-
tion, s in Eq. (5) can be replaced by (1/J)H0 since s is independent
of indentation depth. Dividing both sides of Eq. (5) with the first
term of the right side, s$pr2 yields

H
H0

¼ 1
J

�
1þ K

h=D

�
; (6)

where

K ¼ 2 tan q,
t

s
,k: (7)

Eq. (6) is the ISE model for np-Au, where H is the hardness,H0 is the
macroscopic hardness which is convergent with the hardness value
at sufficient indentation depth, J is the plastic constraint factor of
np-Au, K is the characteristic length for the ISE for np-Au, and h/D is
the indentation depth normalized by cell size. Eq. (6) is an inverse
function of indentation depth, while the Nix-Gao model for solid

materials is H
H0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h*

h

q
, where h* is the ISE characteristic length

for solid materials [24]. At the early stage of research about me-
chanical behavior of np-Au, plastic constraint factor J was
assumed to be 1 as cellular materials with very low relative density
with no comparisonwith tension and compression results of np-Au
[20,21]. Recent studies revealed that plastic constraint factor for np-
Au ranges from 2.65 to 3 similar to solid metals through compari-
son with tension and compression tests [19,22,32,33]. It is impor-
tant to note that the characteristic length for the ISE for np-Au, K in
Eq. (6) is independent of value ofJ and only macroscopic hardness
H0 depends on value of J. It is important to note that we assumed
nanoporous structure is self-similar in this model. Kertis et al. [37]
showed the self-similar aspect of np-Au with SEM images of liga-
ment sizes from ~101 nm to ~103 nm by dealloying and post heat-
treatments. Hu et al. [38] showed self-similarity of ligament con-
nectivity in coarsened np-Au by using genus parameter. Chen-
Wiegart et al. [39] measured three-dimensional structures of np-
Au samples by three-dimensional tomographic reconstruction
and segmentation. Based on these measurements, they could
quantitatively propose that distributions of surface orientation and
scaled surface curvature were not isotropic and consistent with
coarsening time. Liu et al. [40] showed trends of mechanical self-
similarity of np-Au in terms of network connectivity. They
explained connectivity of each ligament by introducing an effective
relative density, defined as a ratio of real and theoretical elastic
moduli from compressive testing and theoretical Gibson-Ashby
model. According to their results, the network connectivity of np-
Au samples was gradually decreasing and showed a small in-
crease above 100 nm of ligament size. Ziehmer et al. [41] concluded
that coarsened np-Au might be self-similar. Jeon et al. [42] con-
ducted 3D reconstruction of thermally-coarsened np-Au, and
analyzed evolution of nanoporous structure during thermal
coarsening. They found that np-Au coarsens in self-similar way in
terms of distribution of ligament size, surface-to-volume ratio, and
scaled connectivity density. Geometrically self-similarity of np-Au
is still under debate. In this study, we assume self-similarity of
np-Au is consistent during post heat-treatment to simplify the
theoretical approach, leaving consideration of this issue to future
studies.

Fig. 6(a)e(d) show that Eq. (6) successfully describes the typical
relation of hardness vs indentation depth for samples #1-#4 as
shown in Fig. 2(e) and (f). Fig. 6(e) shows the relation between
normalized hardness and normalized indentation depth for sam-
ples #1-#4; here the curves were obtained by fitting Eq. (6) tomore
than 12 reproducible nanoindentation results for each sample. The
characteristic constant K in Eq. (6) is 0.52 (±0.15) for sample #1
(l¼ 26 nm), 0.54 (±0.20) for sample #2 (l¼ 73 nm), 0.52 (±0.30) for
sample #3 (l ¼ 126 nm), and 1.86 (±0.47) for sample #4
(l ¼ 630 nm), respectively. This result indicates that the trends of
ISE for np-Au samples #1-#3 are almost identical and ISE for
sample #4 is enhanced over the other three presumed in Fig. 4.
Nanoindentations are basically assumed to have initial contact on
the flat surface of solids. However, for np-Au, curved surfaces of
ligaments and pores act as surface roughness, and this can affect
hardness, especially at shallow indentation depths as reported in
previous studies [28]. Fig. 6(f) shows a cross-sectional schematic
illustration of nanoindentation on np-Au for possible cases of initial
contact. The tip of a sharp indenter can make initial contact on top
surface of ligament, indicated as ‘top’. Also, it can be placed be-
tween two ligaments, and penetrate through pore, making initial
contact between inclined plane of the sharp indenter and liga-
ments, indicated as ‘bottom’. Since the line fittedwith the proposed
model between normalized hardness and normalized indentation
depth in Fig. 6(e) was averaged for more than 12 reproducible
nanoindentation results, the initial contact position for this case is
indicated as ‘average’. For the two extreme cases, the difference in
indentation depth and the ‘average’ position is simply assumed to
be ±0.5h0. h0 is easily evaluated with q for a contact angle between
sample surface and Berkovich indenter of 19.7� and measured lig-
ament sizes for samples #1~#4, as required for modifying area
functions. Expected deviations of normalized hardness with
normalized indentation depth taking into account surface rough-
ness effect of np-Au, are presented in Fig. 6(e) as dotted lines for
each sample. The upper and lower dotted lines correspond to the
cases of initial contact at ‘top’ and ‘bottom’ respectively, as
described in Fig. 6(f). These boundaries are also presented as the
possible range in k values in Fig. 9(b), which is discussed in section
3.4. Some amount of tip bluntness for sharp indenter is inevitable
[26]. If the height difference between the ideally-sharp tip and the
blunt tip, Dhb is taken into account, height difference for the cases
‘top’ and ‘bottom’ initial contact, h0 in Fig. 6(f) becomes h0- Dhb,
which results in narrower gap between upper and lower bound-
aries in Fig. 6(e) and smaller scale bars of y-axis in Fig. 9(b). Blunt
tip in sharp indenter can alleviate surface roughness effect in np-
Au.

3.3. Compressive and shear strength

One parameter in Eq. (7) is the ratio of shear to compressive
strengths, t=s; of np-Au. We performed uniaxial compression and
pure shear tests for np-Au samples to obtain this ratio. Fig. 7(a) and
(b) show typical compressive stress-strain curves. The compressive
stress-strain curves for np-Au samples show three stages: linear
elastic, plastic collapse, and densification which is typical
compressive stress-strain behavior of porous materials [20]. We
took the compressive strength s in Eqs. (4a) and (7) as compressive
yield strength determined by 0.2% offset method. The compressive
yield strength measured in compression tests is 122.6 (±1.16) MPa
for sample #1 (l ¼ 26 nm), 41.5 (±4.30) MPa for sample #2
(l ¼ 73 nm), 22.9 (±0.96) MPa for sample #3 (l ¼ 126 nm), and 5.3
(±0.05) MPa for sample #4 (l¼ 630 nm). Fig. 7(c) shows the relation



Fig. 6. (a)~(d) Experimental hardness as a function of indentation depth and Eq. (6) fitted to experiments for samples #1~#4; (e) average Eq. (6) obtained for each sample, upper
and lower dotted lines correspond to the cases of initial contact at ‘top’ and ‘bottom’ respectively, as described in (f), indicating boundaries of possible normalized hardness caused
by surface roughness effect in np-Au. (f) Schematic illustration of possible cases of initial contact between the tip of a sharp indenter and the surface of np-Au sample.

Fig. 7. (a) Compressive stress-strain curves for sample #1~#4; (b) enlarged compressive stress-strain curves; (c) relation of compressive strength and ligament size in log-log scale.
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between compressive strength and ligament size in log-log scale:
we see a linear relation with slope of 0.98, that is the size effect
exponent, mcomp in s ¼ l�mcomp .

Fig. 8(a) and (b) show typical pure shear stress-strain curves for
np-Au samples. Samples #1~#3 show almost linear elastic defor-
mation followed by catastrophic fracture. On the other hand,
sample #4 (l ¼ 630 nm) shows a linear elastic region, followed by
continuous strain-hardening and strain-softening with increasing
shear strain. Until a shear strain of 18%, sample #4 is not separated,
while partial cracks are introduced. We took the shear strength t in
Eqs. (4a) and (7) as shear yield strength. The shear yield strength is
52.0 (±10.56) MPa for sample #1 (l ¼ 26 nm), 7.6 (±1.36) MPa for
sample #2 (l ¼ 73 nm), and 1.5 (±0.34) MPa for sample #3
(l ¼ 126 nm), respectively. The shear yield strength of sample #4
(l ¼ 630 nm) determined by the 0.2% offset method is 0.3 (±0.06)
MPa. The shear yield strength shows a strong ligament-size effect,
mshear is 1.60 in s ¼ l�mshear ., as seen in Fig. 8(c). For samples #1~#3,
the shear strength increases with decreasing ligament size by the
size effect, the strength of ligament increases as ligament size de-
creases. However, these samples show catastrophic failure since
increase in stress due to decrease in cross-sectional area of liga-
ments becomes greater than load-carrying ability of the ligaments
due to strain-hardening. The shear stress-strain curve for sample
#4 (l¼ 630 nm) indicates that strain-hardening is dominant in pure
shear and shows transition in shear deformation mechanism from
brittle to ductile between ligament size 126 nm (sample #3) and
630 nm (sample #4). Similar to our finding for ligament-size-
dependent brittle to ductile transition in shear testing, Li and
Sieradzki reported transition of ductile and brittle fracture of np-Au
depending on ligament size in flexural testing [17].



Fig. 8. (a) Shear stress-strain curves for sample #1~#4; (b) enlarged compressive stress-strain curves; (c) relation of shear strength and ligament size in log-log scale.

Fig. 9. (a) Ratio of shear strength to compressive strength and (b) k in Eqs. (4) and (7) as a function of ligament size. Error bars in k values correspond to the cases of initial contact at
‘top’ and ‘bottom’ respectively, as described in Fig. 6(f).
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Fig. 9(a) shows the ratio of shear strength to compressive
strength, t=s, as a function of ligament size. The ratio t=s is less
than unity for all samples, i.e. shear strength is lower than
compressive strength. Np-Au contains many dangling ligaments. If
these ligaments are close enough to make contact during elastic
deformation in compression, they support additional external
compressive loading, leading to enhanced compressive strength.
However, in shear testing, many of the separated neighboring lig-
aments becomemore distant since ligaments are stretched in shear
mode and do not play the role of strengtheners. This difference
could be attributed to the fact that the ratio t=s is less than unity.
Balk et al. [43] reported a compressive strength of 15.5 MPa and a
tensile strength of 11.5 MPa for polycrystalline np-Auwith ligament
size about 30 nm, yielding a ratio of tensile strength to compressive
strength 0.74. In tensile loading, many separated neighboring lig-
aments are further separated and again have no strengthening role,
and separation of grain boundaries can weaken tensile strength
[16]. The ratio of tensile to compressive strength could be less than
unity for the same reason. Meanwhile, it has been reported that a
compressive strength of 22.5 MPa and a tensile strength of
25.3 MPa for single-crystalline np-Au with ligament size of
55.9 nm, yielding a ratio of tensile strength to compressive strength
of 1.12 [44].

Fig. 9(b) shows k values depending on ligament size. The
characteristic constant K was measured in section 3.2 and k values
were obtained by substituting t=s in Eq. (7). Fig. 9(a) and (b) pro-
vide insight into origin of ISE in np-Au. For samples #1~#3, the ratio
of shear strength to compressive strength, t=s, decreases and k
increases with ligament size increases, and multiplication of them
yields almost identical ISE characteristic constant K in Eq. (7). While
sample #4 (l ¼ 630 nm) has a similar (or slightly lower) ratio of
shear strength to compressive strength t=s to sample #3
(l ¼ 127 nm), it has much higher k value than samples #1~#3.
Multiplication of t=s and k yields a much higher ISE characteristic
constant K, leading to enhanced ISE over samples #1~#3 with
smaller ligament size.

3.4. Origin of ligament-size-dependent ISE in np-Au

The size effect e increase in strength with decreasing ligament
size e is clearly seen in both compression and shear strength in
Figs. 7(c) and 8(c). Fig. 9(a) shows the dependency of the ratio of
shear to compressive strength on ligament size: as ligament size
increase, an overall decrease in the ratio and slightly lower ratio for
sample #4 (l ¼ 630 nm) than sample #3 (l ¼ 127 nm). This trend
comes from difference in the size effect exponents m, i.e. the slope
of strength vs ligament size curve in log-log scale in Figs. 7(c) and
8(c). The size effect exponent for compressive strength, mcomp, is
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0.98 (Fig. 7(c)) and that for shear strength, mshear, is 1.60 (Fig. 8(c)).
The size effect exponent for shear strength is 39% greater than that
for compressive strength, which is caused by difference in defor-
mation mode for shearing and compression.

Yield strength, showing power-law-type dependence on char-
acteristic length of nano-structuredmaterials, has been reported by
numerous studies. Briot and Balk [22] calculated equivalent yield
strength converted from nanoindentation hardness reported by
Hodge et al. [21] by using a plastic constraint factor J of 2.65, and
obtained the power law exponent of �0.551 describing ligament-
size-dependent yield strength. McCue et al. [33] analyzed the po-
wer law exponents calculated from experimental data obtained by
6 different mechanical tests reported by 17 previous research ar-
ticles. Upper and lower boundaries for the power law exponents
are �0.97 and �0.73, respectively. Obtained mcomp of �0.98 for
compressive yield strength in this study is in good agreement with
this trend. Li and Sieradzki [17] have reported ligament size
dependent change in fracture stress with power law exponent
of �0.2 from three-point bending tests. Badwe et al. [45] recently
reported the power law exponent of �0.23 for tensile fracture
stress for brittle fracture region corresponding to ligament size
smaller than about 220 nm. Mameka et al. [46] recently found that
phenomena that strength and hardness of np-Au increase as liga-
ment size decreases is universal, but the power law exponents that
had reported are quite diverse depending on materials and me-
chanical tests.

Greer et al. [47] measured compressive flow stress at 10% strain
for Au micropillars with diameters ranging from 300 nm to
7450 nm. They found that the relation between flow stress and
micropillar diameter can be described with two power-law expo-
nents in transition at critical pillar diameter of about 1000 nm.
Brinckmann et al. [48] showed that size-dependent compressive
strength of Au nanopillars is described with the power law expo-
nent of �0.97. The Hall-Petch relationship describing dependence
of yield strength on grain size for nanocrystalline metals shows the
power law exponent of �0.5 [49]. Deformation mechanism in np-
Au might be similar to that of Au nanopillars in terms that mobile
dislocations can escape at free surface due to external size of sub-
micron scale, whereas dislocations can pile up at grain bound-
aries in nanocrystalline metals [50]. While entire volumes of nano-
and micro-pillars are in uni-axial stress and strain conditions, lig-
aments in np-Au have surface curvature and irregular distribution
in size and orientation introducing complex stress and strain in the
ligaments, hence power-law exponents could be different from Au
nano- and micro-pillars.

The size effect of materials at sub-micron scale is attributed to
dislocation starvation or depletion of dislocation sources, since
dislocations tend to escape at free surfaces and dislocations are
exhausted due to small external size rather than multiplying as in
bulk metals. In shear testing of np-Au, plastic deformation is likely
localized at necks of ligaments, possibly the thinnest part in liga-
ments. Dislocation starvation model that take into account size
effect in Au nanopillar compression could be applied to shear
strength of np-Au since the dislocations on ligament surface can
travel through ligament and escape at the opposite free surface of
ligament. Ngo et al. [51] suggested that initial yielding in
compression of np-Au occurs at very early stage of loading due to
surface-induced prestress and anomalously high elastic compliance
through MD simulations. They also found that typical dislocation-
based mechanism contributes to the strain hardening of np-Au
during compressive deformation while dislocation-starvation
model is not applied to np-Au under compression. Unlike nano-
and micro-pillars with uniform geometry, curvature, size, and
orientation of ligaments in np-Au are naturally irregular. Structural
irregularity might elucidate unique deformation behavior that
stress can be concentrated at the thinnest parts [52], possibly necks
of ligaments and existence or density of initial dislocation in vol-
umes of necks is more critical in yielding rather than overall initial
dislocation density. We calculated total initial dislocation length in
disc-shaped volume with diameter of average ligament size and
thickness of one diameter. Thickness of disc is briefly assumed to be
one diameter of ligament where stress is highly concentrated.
When initial dislocation density is assumed as 109 m�2 [53], total
dislocation length in the neck volume is 1.38 � 10�5 nm for liga-
ment size l ¼ 26 nm (sample #1) and that is 0.2 nm for l ¼ 630 nm
(sample #4). This means that rare initial dislocations are statisti-
cally included in the neck volumes that is critical in yielding. These
fundamental differences in yielding mechanism under shear and
compressive deformation could result in disparity of the power law
exponents. The difference in the size effect exponentm in shear and
compressive strengths yields a trend of t=s as a function of liga-
ment size, as shown in Fig. 9(a), and this is attributed to origin of
ligament-size-dependent ISE in np-Au.

Fig. 9(b) shows that k, the proportional constant in Eq. (7), is
proportional to ligament size. In the suggested nanomechanics
model, k means the number of deformed cells along the loading
direction by shear force at the perimeter 2pr$D when indentation
depth increases as much as D. In realistic nanoindentation on np-
Au, it is difficult to define k. Instead, one can realize intuitively
that k is associatedwith the depth at which shear stress, introduced
at the contact boundary between the np-Au surface and nano-
indenter, is applied. In terms of normalized indentation depth, the
strength of ligaments decreases with ligament size; i.e. in identical
configurations of ligaments and pores for samples #1-#4, only the
ligament strength is different. The increase in k with increasing
ligament size indicates that shear stress introduced at contact
boundary is applied farther as ligament strength decreases in terms
of normalized indentation depth. The ISE in np-Au is thus attrib-
uted to a combination of ligament-size-dependent t=s and k shown
in Fig. 9(a) and (b).

4. Conclusion

We found that the ISE for np-Au depends on ligament size. Np-
Au of ligament sizes 26, 73, and 126 nm showed almost identical
ISE, while np-Au of ligament size 630 nm showed relatively
enhanced ISE. To investigate this ligament-size-dependent ISE in
np-Au, we established a nanomechanics model for nano-
indentation on np-Au. We assumed that the total work of nano-
indentation consists of two dissipated works: the work introduced
by shear forces to slide ligaments at the perimeter around the
nanoindenter, and the work introduced by compressive force to
collapse ligaments beneath the nanoindenter. From this derived
force and Tabor's relation, a hardness normalized by macroscopic
hardness was described as a function of indentation depth
normalized by unit cell size, simply twice ligament size. On the
basis of this theoretical approach, a ligament-size-dependent ISE
model was developed as an inverse function and applied to our
experimental results. The ISE in np-Au resulted from the difference
in size-effect exponents in compression and shear loading
depending on ligament sizes, where the size effect in shear strength
dependedmore on ligament size than that in compressive strength.
This phenomenonwas explained by dislocationmovements toward
thinner connections in ligaments and thicker junctions in liga-
ments, resulting in a tendency to greater strain-hardening by
dislocation pile-up. To verify the model and the explanation of ISE,
we performed shear and compressive testing with millimeter-scale
rectangular np-Au samples. The ratio of shear to compressive
strength depends on ligament size. The combination of a linear
increase in k and a convergent decrease in t=s caused by different
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size-effect exponents in shear and compressive strength with
increasing ligament size explains the ISE transition between liga-
ment sizes of 126 and 630 nm.
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