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Abstract

A method is presented for estimating the plastic flow behavior of single-crystal silicon carbide by nanoindentation experiments using a
series of triangular pyramidal indenters with five different centerline-to-face angles in combination with two-dimensional axisymmetric
finite-element (FE) simulations. The method is based on Tabor’s concepts of characteristic strain and constraint factor, which allow
indentation hardness values obtained with indenters of different angles to be related to the flow properties of the indented material.
The procedure utilizes FE simulations applied in an iterative manner in order to establish the yield strength and work-hardening expo-
nent from the experimentally measured dependence of the hardness on indenter angle. The methodology is applied to a hard, brittle cera-
mic material, 6H–SiC, whose flow behavior cannot be determined by conventional tension or compression testing. It is shown that the
friction between the indenter and the material plays a significant role, especially for very sharp indenters.
� 2008 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The electronics industry has been dominated by silicon
since the 1950s, but this situation could soon change for
high-voltage switching and high-frequency power devices.
In this regard, a strong candidate to replace silicon is hexag-
onal silicon carbide (SiC), whose commonly used forms
include 4H–SiC and 6H–SiC (i.e., four or six Si–C bilayers
in the unit cell, respectively) [1]. A knowledge of this mate-
rial’s elastic–plastic stress–strain behavior is needed to sim-
ulate deformation behavior and failure modes of structures,
as well as to facilitate more precise machining of single-crys-
tal wafers and better design of SiC-based devices. Unfortu-
nately, however, the brittle nature of SiC makes it very hard
to obtain a stress–strain data at room temperature by con-
ventional tension or compression testing. To overcome this
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difficulty, we have developed a new technique for estimating
the stress–strain behavior of brittle materials using a combi-
nation of nanoindentation experiments and finite-element
simulations. Here, the method is presented and applied to
a 6H–SiC single-crystal.

A number of papers have explored the feasibility of
extracting flow properties by nanoindentation with sharp
pyramidal indenters [2–12]. Numerous difficulties and lim-
itations have been noted, including questions about the
uniqueness of the measured parameters and the range of
E/ry (Young’s modulus to yield strength ratio) and n

(strain hardening exponent) over which they apply. Spher-
ical nanoindentation, for which analytical solutions and
models are well known, also has some limitations due to
the imperfections in tip shape and a strong dependence of
measured parameters on a precise knowledge of the tip
radius [13].

In this study, results from nanoindentation experiments
using a series of three-sided pyramidal indenters with dif-
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ferent centerline-to-face angles and finite-element simula-
tions of the indentation process are combined to estimate
the plastic flow properties. Although applied to a brittle
ceramic material, the methodology should be applicable
to a wide range of materials including metals, ceramics
and semiconductors.

2. Background

Since indentation testing is relatively simple and easy to
perform and requires only a very small volume of material,
there have been numerous efforts to obtain stress–strain
curves from indentation data [2–12]. Many of these are
based on the well-known relationship between hardness,
H, and flow stress, rf, originally suggested by Tabor [2]:

H ¼ Ch � rf ð1Þ
where the flow stress is defined at ‘‘a characteristic value of
plastic strain”, i.e., a ‘‘characteristic strain”, and Ch is the
‘‘constraint factor” which depends on the indenter angle,
h. The original source for the constraint factor concept
was provided by Prandtl [14] who applied slip line field the-
ory to flat punch indentation and found that the constraint
factor is 2.57 for the Tresca yield criterion and 2.97 for the
von Mises yield criterion. We note here, however, that
these values formally apply only to materials that behave
as rigid-plastic, i.e., E/ry is very large.

In the mid-1960s, Atkins and Tabor [3] performed inden-
tation experiments on copper and mild steel with several dia-
mond conical indenters having different angles and showed
that the hardness does indeed depend on cone angle. This
means that if one can use a series of indenters with different
angles and one knows the ‘‘characteristic strain (echar)” for a
given indenter angle, it is possible to construct the stress–
strain curve by relating the hardness to the stress and the
indenter angle to the characteristic strain (see Fig. 1).

Usually the value of constraint factor is thought to lie in
the range 2.6–3.0 [2,3], which is appropriate for metallic
materials when the deformation is fully plastic. However,
under certain circumstances, there can be a significant
influence of the ratio of Young’s modulus to yield strength
Fig. 1. Schematic diagram illustrating Tabor’s concept for estimating the stress
angles.
(E/ry) on the constraint factor, as first suggested by John-
son [5]. In particular, Johnson showed that when deforma-
tion is not fully plastic, i.e., in the elastic–plastic transition
range, Ch increases as E/ry increases and decreases as the
indenter angle increases according to the relation:

Ch ¼
2

3
1þ ln

E
ry

� cot h

� �� �
ð2Þ

Similarly, Bolshakov and Pharr [15] showed by finite-ele-
ment simulation that the constraint factor can be quite
dependent on E/ry, especially for ceramic materials which
have relatively low E/ry. This is especially important in this
work as the material to be experimentally measured is a
hard ceramic with a low E/ry.

Values for the characteristic strain (echar) and its depen-
dence on indenter angle have been determined in many
experimental and theoretical investigations [2–12]. In his
original work, Tabor found that the characteristic strain
for a four-sided-pyramidal Vickers indenter is in the range
0.08–0.10. Subsequent experimental work with Atkins [3]
using a variety of conical indenters of different half
included angle, h, revealed characteristic strains for metals
of 0.3, 0.25, 0.17, 0.11, 0.08 and 0.04 for indenter angles of
30�, 45�, 60�, 68�, 75� and 85�, respectively. Subsequently,
Johnson [5] used the expanding cavity analogy to derive the
simple relationship

echar ¼ 0:2 � cot h ð3Þ
which is often used to estimate the characteristic strain for
materials and conditions for which plasticity is fully
developed.

Motivated by the widespread application of nanoinden-
tation in the 1990s, a number of studies have recently been
conducted to further develop these ideas. Based on the
equivalent plastic strain concept and finite-element calcula-
tions, Jayaraman et al. [6] suggested characteristic strains
of 0.070 and 0.225 for the Berkovich and cube-corner ind-
enters, respectively. Cheng et al. [8] performed extensive
finite-element calculations and dimensionless analysis on
wide range of materials, and suggested that the character-
istic strain (for 45� 6 h 6 80�) can be approximated by
–strain curve from hardness measurements made with indenters of various
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echar ¼ �0:0061 � hþ 0:5344 ðh in degreesÞ ð4Þ
All of these apply mostly to metals for which E/ry is rela-
tively large. For ceramics, E/ry is typically small, and the
characteristic strains and constraint factors may be very
different.

Using the procedure of ‘‘graphical superposition,”
which superimposes indentation data on the single master
curve for various E/ry values, Sakai et al. [12] conducted
finite-element analyses for elastic–perfectly plastic and elas-
tic–linear strain hardening conical indentations, and
suggested

echar ¼ 0:22 � cot h ð5Þ
which is very similar to Eq. (3). They also showed how the
constraint factor depends on friction. However, they did
not consider how friction affects the characteristic strain,
and they considered only linear work-hardening rather
than power law work-hardening. For this reason, we adapt
another approach based on experimental observations
combined with finite-element simulations.

Like many other studies, our approach is based on the
assumption that the uniaxial elastic–plastic constitutive
behavior can be described by the power law relation:

rf ¼ K � en ð6Þ
where K is the strength coefficient, n is the work-hardening
exponent and e is the uniaxial strain. As shown in Fig. 2,
we assume that the behavior is elastic up to the yield
strength, which then implies that K ¼ ryðry=EÞ�n. By com-
bining Eqs. (1) and (6) and taking the common logarithm,
the hardness can be expressed as

log H ¼ n � log
E
ry

� echar

� �
þ logðCh � ryÞ ð7Þ

This suggests that a plot of logH vs. n should be linear with
a slope related to the characteristic strain, echar, and an
intercept related to the constraint factor Ch. In the next sec-
Fig. 2. True stress–true strain curve for a power law hardening material.
tion, we show how echar and Ch can be determined from a
limited number of finite-element calculations performed in
an iterative scheme. The process converges quickly and re-
sults in an estimation of K and n from the measured depen-
dence of hardness on indenter angle and a known value for
E. Friction plays an important role, which is also explored.

3. Experimental and finite-element procedures

3.1. Experiments

A 250-lm-thick wafer of (0001) 6H–SiC single-crystal
was tested using a Nanoindenter-XP (MTS Nano Instru-
ments, Oak Ridge, TN). Five different three-sided pyrami-
dal indenters having centerline-to-face angles, h, of 35.3�
(cube-corner indenter), 45�, 55�, 65.3� (Berkovich inden-
ter), and 75� were employed. Maximum indentation loads
were varied in the range from 10 to 100 mN and loading/
unloading rates were fixed at 0.5 and 5 mN s�1. Within
the range of indentation loading/unloading rates examined,
no rate effects on the indentation curves were observed.
After indentation tests, all the hardness impressions were
imaged using a Leo 1525 field-emission scanning electron
microscopy (Carl Zeiss SMT Inc., Thornwood, NY) to
measure actual contact areas in a manner that accounts
for pile-up around the hardness impressions.

3.2. Finite-element analysis (FEA)

Two-dimensional finite-element simulations of conical
indentation of a semi-infinite half space were conducted
using the commercial finite-element package ABAQUS
(Hibbit, Karlson and Sorensen Inc., Providence, RI) [16].
Half-included angles for the conical indenters were 42.3�,
52.1�, 61.4�, 70.3� and 78.2� corresponding to centerline-
to-face angles of 35.3�, 45�, 55�, 65.3� and 75�, respectively,
for the three-sided pyramidal indenters used in experiment,
Fig. 3. Load–displacement curves for indenters with various centerline-to-
face angle, h. Results are from tests at Pmax = 100 mN and dP/
dt = 5 mN s�1.
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that is, the indenter angles were chosen to give the same
area-to-depth ratios.

All calculations were carried out using an axisymmetric
specimen modeled as a cylinder 200 lm in both length and
radius with four-node linear axisymmetric elements. In
order to measure contact areas very accurately, a very fine
mesh was used near the indenter tip in the region of con-
tact. The calculations were continued until the contact area
included at least 10 elements for the sharpest indenter, and
Fig. 4. SEM micrographs of indentations made with indenters of various
indenter); (b) 45.0�; (c) 55.0�; (d) 65.3� (Berkovich indenter); (e) 75.0�. Note t
more generally 20–30 elements. A sensitivity study showed
that the meshes adequately simulated the behavior of a
semi-infinite solid.

Isotropic elastic constants of E = 300 GPa (measured
from Berkovich indentation in this study) and m = 0.24
(generally accepted for SiC) were employed in the calcula-
tions. Power law hardening behavior was characterized by
various work-hardening exponents of 0.0, 0.1, 0.2, 0.3 and
0.4. The friction coefficient between the rigid indenter and
angles at Pmax = 100 mN and dP/dt = 5 mN s�1: (a) 35.3� (cube-corner
hat the magnification of each image is not the same.
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the specimen was taken as 0.0 for the ideal frictionless case
and 0.2 for the more realistic case. The latter value was
determined from a scratch test on the same material [17].

4. Estimating the stress–strain curve by finite-element

simulation

4.1. Step I – nanoindentation experiments and initial FE

analysis

The first step in the process is to perform nanoindenta-
tion experiments with the five indenters having different
centerline-to-face angles. Fig. 3 shows a representative
example of load–displacement (P–h) curves obtained at
Pmax = 100 mN. As one might expect, with decreasing
indenter angle, the displacement at the peak load increases
and a larger portion of irreversible plastic deformation is
observed. Note that the Oliver–Pharr method [18] cannot
be directly applied to hardness evaluation here for two rea-
sons. First, the constant b that relates stiffness to contact
area is a function of indenter angle and is not known well
for any of the indenters except the Berkovich. Second, the
Oliver–Pharr method does not account for pile-up, which is
clearly evident for the sharper indenters. Therefore, we
took a series of scanning electron microscopy (SEM)
images to measure the size of the hardness impressions
(see Fig. 4). We assume here that the cracking does not
influence on the measured hardnesses. Fig. 5 summarizes
the variation in hardness with indenter angle based on
the SEM observations. It is seen that hardness increases
with decreasing indenter angle. Note that the hardness does
Fig. 5. Change in experimentally measured hardness with indenter angle.
Error bars indicate maximum and minimum values.

Table 1
Experimentally measured nanoindentation hardnesses of a 6H–SiC single-crys

Indenter angle, h (�) 35.3 45.0
Hardness (GPa) 33.27 ± 3.65 29.60 ± 3.42
not significantly change with maximum indentation load,
indicating that the indentation size effect [19] is not partic-
ularly strong in this material. To minimize the errors which
could be introduced by measuring the size of the hardness
impressions, only the hardness values obtained at the high-
est indentation load (Pmax = 100 mN) were used in the
FEM-based analysis. The values are listed in Table 1.

From the Berkovich (h = 65.3�) indentations at 100 mN,
we obtained E ffi 300 GPa by the Oliver–Pharr method [18],
and used this as Young’s modulus in the calculations. To
begin the simulations, we first guessed the yield strength
very roughly based on the hardness values from Berkovich
indentations (H ffi 22 GPa, see Table 1). Because SiC has a
relatively low E/ry (E/ry ffi 30–50), we initially assumed a
constraint factor of 2.0 rather than 3.0 (the common value
for metallic materials), and estimated the yield strength as
11 GPa. Finite-element calculations were then performed
assuming no work-hardening but varying ry (i.e., n = 0).
The results shown in Fig. 6 show that the yield strength
is close to ry = 10 GPa when it is assumed there is no
work-hardening.

4.2. Step II – determination of Ch and echar

The second step provides an initial estimate of the con-
straint factor (Ch) and characteristic strain (echar) based on
a series of finite-element simulations. With a constant yield
strength of 10 GPa (first estimate from step I) and various
work-hardening exponents (n = 0, 0.1, 0.2, 0.3 and 0.4),
indenter angles (h = 42.3�, 52.1�, 61.4�, 70.3� and 78.2�)
and friction coefficients (l = 0 and 0.2), 50 sets of calcula-
tions were performed to get a hardness value for every
tal

55.0 65.3 75.0
26.40 ± 0.79 21.98 ± 1.88 18.91 ± 0.40

Fig. 6. FEA results for estimating the initial yield strength value (n = 0).



Fig. 7. Hardness dependence on indenter angle, work-hardening exponent
and friction coefficient.
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combination of n, h and l. The calculation results are
shown in Fig. 7. The hardness increases dramatically with
increases in both work-hardening exponent and friction
coefficient and decreases in indenter angle. The results for
n = 0 allow us to estimate the constraint factor for each
indenter angle by means of Eq. (1). The hardnesses for
n = 0 are shown in Fig. 8, and the constraint factors
derived from them are summarized in Table 2. Note that
Fig. 8. FEA results to evaluate the constraint factor.

Table 2
Constraint factors and characteristic strains obtained from the first iteration

Indenter angle (�) Pyramid (experiment) 35.3
Cone (FEA) 42.3

Constraint factor, Ch ry = 10 GPa, l = 0.0 2.0182
ry = 10 GPa, l = 0.2 2.6850

Characteristic strain, echar ry = 10 GPa, l = 0.0 0.2021

.ry = 10 GPa, l = 0.2 0.1502
the constraint factor from finite-element analysis is 1.9–
2.2 for l = 0 and 1.9–2.7 for l = 0.2 and depends on the
indenter angle. Note also that the friction coefficient plays
an important role, especially in determining the hardness
and constraint factor for relatively sharp indenters, which
is in agreement with other reports in the literature
[12,20,21]. According to a simple model suggested by Buca-
ille et al. [11], for h = 42.3�, the normal force of indentation
increases by 22% when the friction coefficient is increased
from 0 to 0.2. On the other hand, friction has no significant
influence on the normal force for relatively blunt indenters,
i.e., indenters whose angle is greater than 60�. Based on
these results, it is clear that taking friction into account is
very important. One could conceivably implement this in
experiments by measuring the friction coefficient in a
scratch test. By applying the constraint factors calculated
in this step, flow stress observed for each indenter can be
initially estimated using Eq. (1).

A first estimate of the characteristic strains can be
obtained by considering how the hardness in the finite-ele-
ment calculations varies with the work-hardening expo-
nent, n. Fig. 9 shows plots of (log H) vs. work-hardening
exponent (n) based on the finite-element data. Each data
set for a specific indenter angle indeed shows linear relation
consistent with Eq. (7), and thus the characteristic strain
can be calculated from the slope of the data in conjunction
with the known value of E and the finite-element estimate
of ry = 10 GPa. The characteristic strains determined in
this way are listed in Table 2.

4.3. Step III – extracting the stress–strain curve

Using the Ch and echar values calculated in step II, the
experimental hardnesses of 6H–SiC (see Fig. 5 and Table
1) can be converted to flow stresses and strains to construct
the stress–strain curve as shown in Fig. 10. In the first iter-
ation, the least-square fitting of this stress–strain curve
gives work-hardening exponents n = 0.30 and 0.19 for
l = 0.0 and 0.2, respectively. Note that at this stage, the
yield strength is still assumed to be 10 GPa. Since these
work-hardening exponents are different from the initial
guess (n = 0, see step I), this whole procedure must be
repeated and iterated until the yield strength and work-
hardening exponent converge.

A second iteration of finite-element calculations were
conducted using the work-hardening exponent calculated
from first iteration (n = 0.30 and 0.19 for l = 0.0 and
45 55 65.3 75
52.1 61.4 70.3 78.1

2.1900 2.2002 2.12 1.8975
2.5500 2.3228 2.1624 1.8989

0.1484 0.0979 0.0651 0.0438
0.1151 0.0888 0.0628 0.0433



Fig. 9. FEA results to evaluate characteristic strain: (a) l = 0.0; (b)
l = 0.2.

Fig. 10. Stress–strain curve estimated from nanoindentation data in
conjunction with finite-element simulations in the first iteration of finite-
element calculations.

Fig. 11. Stress–strain curves estimated from nanoindentation experi-
ments: (a) l = 0.0; (b) l = 0.2.
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0.2). As a result, yield strengths of 7.2 GPa (for l = 0.0 and
n = 0.30) and 8.5 GPa (for l = 0.2 and n = 0.19) were
determined. These values gave a Berkovich (h = 70.3�)
hardness close to 22 GPa, i.e., very close to the experimen-
tal Berkovich hardness listed in Table 1. With these second
yield strength values, another set of 50 finite-element calcu-
lations were subsequently performed and new estimates for
the constraint factors and characteristic strains were
obtained. The process was repeated through a second
and third iteration, after which reasonable convergence
was achieved, as shown in Fig. 11. The flow properties of
6H–SiC determined through all of the above steps are sum-
marized in Table 3. The dependence of the characteristic
strains on indenter angle are shown and compared to
results of other studies in Fig. 12. The characteristic strains
determined in this study are generally lower due to the fact
that the E/ry for SiC is lower than that of the materials
examined in the other studies, which were more metallic
like. Thus, in estimating the flow properties of hard cera-
mic materials, it is important to consider how the charac-
teristic strain depends on E/ry as well as h and l.
Although it is desirable to compare our results with
stress–strain data from the literature, uniaxial tension or
compression tests of single-crystal SiC cannot be carried



Table 3
Flow properties of 6H–SiC single-crystal wafer extracted in present study

Results from
each iteration

Friction
coefficient, l

Yield strength,
ry (GPa)

Work-hardening
exponent, n

First 0.0 10.0 0.2958
0.2 10.0 0.1854

Second 0.0 7.2 0.3238
0.2 8.5 0.2065

Third 0.0 7.0 0.3297
0.2 8.3 0.2139

Fig. 12. Characteristic strain values suggested in previous studies.
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out at room temperature without catastrophic failure of the
specimen. As a result, the only data available are for ele-
vated temperature tests [22–30], where the dislocation
mobility is great enough to produce plasticity instead of
fracture. Fig. 13 summarizes results for the critical resolved
shear stresses (sCRSS) obtained in compression tests of bulk
single-crystal SiC samples at elevated temperatures and
various strain rates. One could argue that the room-tem-
Fig. 13. Temperature dependence of the critical resolved shear stress,
sCRSS, for data from Refs. [22–30].
perature strength can be estimated by a simple linear
extrapolation of the high temperature data to room tem-
perature. For the 4H– and 6H–SiC data in Fig. 13, this
extrapolation (see extrapolation line 1 in Fig. 13) gives
sCRSS � 11,000 GPa. Using the same approach, extrapola-
tion of only the 6H–SiC data excluding that above 1100 �C,
which corresponds to a change in the deformation mecha-
nism [26], gives sCRSS = 301 GPa (see extrapolation line 2
in Fig. 13). Both values are clearly too high since the theo-
retical shear strength of the material (sth � G/10) [31] is
about 12 GPa (assuming E = 300 GPa and m = 0.24). A
more detailed estimation of the theoretical shear strength
of b-SiC based on density functional theory gives
sth = 32 GPa [32]. Whatever the exact value, it is clear that
linear extrapolation of the high-temperature data signifi-
cantly overestimates the strength and is not reliable. More-
over, based on measurements of nanoindentation pop-in of
6H–SiC, Page et al. concluded that the theoretical shear
strength is about 6.8 GPa [33]. Thus, the yield strengths
deduced in this work of 7.2 and 8.5 GPa (for l = 0 and
0.2, respectively) appear to be reasonable.

5. Summary and conclusions

Nanoindentation experiments utilizing various three-
sided indenters with different angles and finite-element cal-
culations were performed to evaluate the stress–strain
curve of a 6H–SiC single-crystal. Results from both the
experiments and finite-element simulations were combined
to produce a new procedure for determining the yield
strength, characteristic strain, and work-hardening expo-
nents for a brittle material. The procedure is summarized
in Fig. 14. It is noteworthy that friction coefficient has a
significant effect on the converged values for very sharp
indenters, and thus on the extracted stress–strain curve.

The above results show that if: (1) a power law constitu-
tive equation holds for the tested material and (2) the fric-
Fig. 14. Closed-loop flowchart for evaluating flow properties.
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tion coefficient is known, it is possible to estimate the true
stress–true strain curve of the material. However, some
uncertainties and difficulties still remain. First, it is not pos-
sible to verify the procedure for SiC since its uniaxial
stress–strain behavior cannot be measured at room temper-
ature. Thus, repeating the measurements in a metallic sys-
tem is desirable. Second, a significant number of finite-
element calculations were needed to obtain the results.
The number of calculations could be reduced considerably
by conducting a large parametric finite-element study that
establishes key relations needed in the analysis procedure.
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